ON RATIONAL HOMOTOPY OF FOUR-MANIFOLDS 



S. TERZIC 

Abstract. We give explicit formulas for the ranks of the third 
and fourth homotopy groups of all oriented closed simply con- 
nected four-manifolds in terms of their second Betti numbers. We 
also show that the rational homotopy type of these manifolds is 
classified by their rank and signature. 



1. Introduction 

In this paper we consider the problem of computation of the rational 
homotopy groups and the problem of rational homotopy classification 
of simply connected closed four-manifolds. Our main results could be 
collected as follows. 

Theorem 1. Let M be a closed oriented simply connected four-manifold 
and b 2 its second Betti number. Then: 

(1) Ifb 2 = thenikn^M) = rkvr 7 (M) = 1 andir p (M) is finite for 

(2) Ifb 2 = 1 thenik7r 2 (M) = rkvr 5 (M) = 1 and-K p (M) is finite for 

(3) Ifb 2 = 2 then rk7r 2 (M) = rkvr 3 (M) = 2 and n p (M) is finite for 

(4) Ifb 2 >2 then dini7r*(M) <g> Q = 00 and 

rkn 2 (M) = b 2 , rk 7 r 3 (M) = ^|ll)_ 1 , rk7 r 4 (M) = Mlzil . 

When the second Betti number is 3, we can prove a little more. 

Proposition 2. Ifb 2 = 3 then rkvr 5 (M) = 10. 

Regarding rational homotopy type classification of simply connected 
closed four-manifolds, we obtain the following. 
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Theorem 3. The rational homotopy type of a closed oriented simply 
connected four-manifold is classified by its rank and signature. 

The stated results are new, although as it will be clear later, we ob- 
tained them easily by known methods. Namely, as far as we know, they 
can not be found in the well known publications presenting the results 
on topology of four- manifolds ^0], |Hj jHj nor in those presenting the 
results on application of rational homotopy theory j^J. 

1.1. Some applications. 

Remark A. The first four-manifolds we would like to apply Theorem 
are homogeneous spaces. For them the ranks of the homotopy groups 
are already well known. More precisely, simply connected four dimen- 
sional Riemannian homogeneous spaces are classified in |7J and the only 
such ones are R\ S\ CP 2 , S 2 x S 2 , R x S 3 and R 2 x S 2 . 

Example 5. A smooth hypersurface Sd in CP 3 is the zero set of a 
homogeneous polynomial of degree d in four variables. It is simply 
connected and &2(Sd) = d(6 — Ad + d 2 ) — 2, see [Hj. Thus, for d ^ 1, 
using Theorem^ we get 



rkn 3 (S, 



rkn 2 (S d ) = d(6 - Ad + d 2 ) - 2, 

d(Q -Ad + d 2 ) (d(6 - Ad + d 2 ) - 3) 



rk7r 4 (S' d 



2 

d{6 -Ad + d 2 ) {d 2 {6 -Ad + d 2 ) 2 - 6d(6 - Ad + d 2 ) + 8) 



Example 6. It is known, see j!4j . that S4 is an example of a K3 surface 
and, thus, 

ikTr 2 (K3) = 22, ikTT 3 (K3) = 252, rk7i 4 (K3) = 3520 . 

The same is also true for the ranks of homotopy groups of any log- 
arithmic transform L a (m)Lb(n)(S) of an elliptic K3 surface S, where 
m and n are odd and relatively prime. This follows from the results 
of Kodaira jBJ, since he proved that such surfaces are (and only them) 
homotopy K3 surfaces. 

Example 7. Let us consider complete intersection surfaces, i.e., sur- 
faces M in CP n+2 which are transversal intersections of n hypersurfaces 
Yi, . . . , Y n that are smooth at the points of intersections. If deg Yi = di 
then (g?i, . . . ,d n ) is said to be the type of M and M is usually de- 
noted by S(di, . . . , d n ). Then, see [Hj, M is simply connected and 



ON RATIONAL HOMOTOPY OF FOUR-MANIFOLDS 



3 



6 2 (M) = e(M) - 2, where 



e(M) = [( £ J -(n + 3)J2di + J2 d * + Y, d ^H d i- 




i=l i=l i^j i=l 



Theorem ^ implies that for e(M) > 4 



rkvr 2 (M) = e-2, rkvr 3 (M) = ^ \ rkvr 4 (M) = - 




1.2. The method of the proof. Our proof is based on Sullivan's min- 
imal model theory. It is a well known that Sullivan's minimal model 
of a simply connected space X of finite type contains complete infor- 
mation on the ranks of its homotopy groups, and furthermore classifies 
its rational homotopy type. If the space X is formal in the sense of 
Sullivan, then its minimal model coincides with the minimal model of 
its cohomology algebra. By ^T] all closed oriented simply connected 
four-manifolds are formal, and, thus, their cohomology algebra con- 
tains complete information on their rational homotopy. Following this, 
in Section |2 we first recall some results on real cohomology structure 
of simply connected closed four-manifolds and then in Section El state 
the necessary background from Sullivan's minimal model theory and 
prove Theorem^ and Proposition In Section 0] we prove Theorem El 

Acknowledgment: I am grateful to Yuri Petrovich Solovyov for getting 
me interested into this problem. I would also like to thank Dieter 
Kotschick for useful conversations. 

2. Real cohomology structure of closed oriented simply 



We denote by M a closed oriented simply connected topological four- 
manifold. The symmetric bilinear form 



is called the intersection form of M. Poincare duality implies that (for 
62 7^ 0) the form Qm is non-degenerate, and, furthermore, it is uni- 
modular (detQ^ = 1)- For simplicity, we will denote the cup product 
a U b by ab below. 

The intersection form Qm can be diagonalised over R, with ±1 as 
the diagonal elements. Following standard notation (which comes from 
Hodge theory in the smooth case), we denote by b\ the number of (+1) 
and by b^ the number of (—1) in the diagonal form for Qm- Then 



CONNECTED FOUR-MANIFOLDS 



Q M ■ H 2 (M, Z) x H 2 (M, Z) -> Z 



defined by 



Q M (a,b) = (aUb, [M]> 
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b 2 — b% + b^ and a = b\ — b% are the rank and the signature of the 
manifold M, respectively. 

Using the intersection form one can easily get an explicit description 
of the real cohomology algebra of a closed oriented simply connected 
four-manifold. 

Lemma 8. Let M be a closed oriented simply connected four-manifold, 
such that b 2 (M) > 2. Then 

H*{M, R) = R[xi, . . . , x b + , x b + +1 , . . . , Xb 2 ] /relations , 

where deg Xi = 2 and the relations are as follows: 

/i\ 2 _ _2 2 2 

l-U x 1 — ... — x b + - - ... - x b2 , 

(2) XiXj = 0, i ^ j . 

Proof. We recall here the standard proof. Let x^, 1 < i < b 2 , be the 
cohomology classes in H 2 (M, M), representing the basis in which the 
intersection form Qm is diagonalisable. This means that 

(3) Q(xi,Xi) = 1, for 1 < i < b% , 

(4) Q( Xi , = -1, for b+ + 1 < i < b 2 , 

(5) Q(xi,Xj) = 0, for i ^ j . 

Denote by V the generator in H A (M, R) such that (V,[M}) = 1. 
Since XjXj — c ■ V, for some c G R, then (jSJ) implies that xf — V for 
1 < z < 6+, and (gD implies that x^ = -Ffor ^ + 1<2< 6 2 - Also, © 
implies that XiXj = for i ^ j. □ 

For b 2 = or b 2 = 1, obviously M has the following cohomology 
structure. 

Lemma 9. Let M be a closed oriented simply connected four-manifold. 

• If b 2 {M) = 1 then H*(M,R) = R[x], where degx = 2 and 
x 3 = 0. 

• If b 2 {M) = then H*(M,R) = R[x], where degx = 4 and 
x 2 = 0. 

Remark 10. As we will see in Section HJ the above statements on the 
cohomology structure of four-manifolds are true over Q as well. But, 
it will be clear from below, that for the purpose of computation of the 
ranks of the homotopy groups or determining formality, it is sufficient 
to work with real coefficients. 



ON RATIONAL HOMOTOPY OF FOUR-MANIFOLDS 



5 



3. The ranks of the homotopy groups of closed oriented 
simply connected four-manifolds 

3.1. General remarks. We refer to [Sj for a comprehensive general 
reference for rational homotopy theory. 

Let (A, d_A) be a connected (H°(A, dX) = k) and simply connected 
(H 1 (A, dj) = 0) commutative N-graded differential algebra over a field 
k of characteristic zero. Let us consider the free N-graded commutative 
differential algebra (A V, d) for a N-graded vector space V over k. We 
say that (AV, d) is a minimal model for (A, d a) if d(V) C A- 2 V and 
there exists a morphism 

f:(AV,d)^(A,d A ), 

which induces an isomorphism in cohomology. 

Let X be a simply connected topological space of finite type. We 
define the minimal model fi(X) for X to be the minimal model for 
the algebra Apl(X). One says that two simply connected spaces have 
the same rational homotopy type if and only if there is a third space 
to which they both map by maps inducing isomorphism in rational 
cohomology. Then the following facts are well known. The minimal 
model fi(X) of a simply connected topological space X of finite type is 
unique up to isomorphism (which is well defined up to homotopy), it 
classifies the rational homotopy type of X and, furthermore, it contains 
complete information on the ranks of the homotopy groups of X. More 
precisely, 

(6) rkvr r (X) = dim(/i(X)/^+(X) • V + (X)) r , r > 2 , 

where by fi + (X) we denote the elements in fi(X) of positive degree and 
• is the usual product in fi(X). One says that X is formal in the sense 
of Sullivan if its minimal model coincides with the minimal model of 
its cohomology algebra (H*(X, Q),d = 0) (up to isomorphism). 

It follows that, in the case of formal simply connected topological 
spaces of finite type, we can get the ranks of their homotopy groups 
from their cohomology algebras, by some formal procedure. This for- 
mal procedure is, in fact, a procedure of constructing of the minimal 
model for the corresponding cohomology algebra. 

Remark 11. For some spaces with special cohomology one can easily 
compute their minimal models. Namely, using the terminology of pQ, 
one says that X has good cohomology if 

H*(X,Q)2iQ[x 1 ,...,x n ]/(P 1 ,...,P k ) , 

where the polynomials Pi, . . . , P& are without relations in Q[xi, . . . , x n ] 
(i.e. (Pi, . . . , Pk) is a Borel ideal). Then in pQ it is proved that such a 
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space X is formal and its minimal model is given by 
fj,(X) = Q[x u . . . ,x n ] ® A(yi, ...,yk) , 

dxi = 0, dyi = Pi . 

Clearly, (0) implies that these spaces are rationally elliptic, i. e. dim.7r*(X)(g) 
Q < oo. 

Unfortunately, most of four-manifolds (or precisely those with 62 > 
2) do not have good cohomology. 

But, the results stated in the above Remark are, in fact, consequences 
of a general procedure for the construction of the minimal model for a 
simply connected commutative differential N-graded algebra. This pro- 
cedure is given by the proof of the theorem which states the existence 
(and also the uniqueness up to isomorphism) of the minimal model for 
any such algebra. We will briefly describe this procedure here, since 
we are going to apply it explicitly. 

3.2. Procedure for minimal model construction. In the proce- 
dure for the computation of the minimal model for a simply connected 
commutative differential N-graded algebra [A, d) one starts by choos- 
ing /i 2 and m 2 : (a*2>0) — > (A, d) such that 777,3 : ^2 —* H 2 (A,d) 
is an isomorphism. In the inductive step, supposing that //& and 
m k : (/i fc , d) — > (A, d) are constructed we extend it to Hk+i an d rn k+ i : 
(Hk + i,d) -> (A,d) with 

(7) /i fc+ i = <g> C(ui,Vj) , 

where C(ui,Vj) denotes the vector space spanned by the elements U{ 
and Vj corresponding to yi and Zj respectively. The latter are given by 

(8) H k+1 (A) = Zm k k+1) ®C{y % ) 
and 

(9) Kermf +2) = C( Zj ) . 

Then we have that m^Zj) = dwj for some Wj G A and the homomor- 
phism m k+ i is defined by m fc+1 (-Uj) = y i: m k+1 (vj) = Wj and dui = 0, 
dvj = Zj. 

Remark 12. In general, for a simply connected topological space X we 
have that A = Apl(X) and, obviously, by ©, we see that rk7Tfe + i(X) 
is the number of generators in the above procedure we add to ji k {X), 
in order to obtain /i fc+1 (X) . 
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Note that for a formal X, the algebra fi(X) ®q k coincides with the 
minimal model of the cohomology algebra (H*(X,k),d = 0) for any 
field k of characteristic zero. The converse is also true. If there exists a 
field k of characteristic zero for which n(X) ®q k is the minimal model 
for the cohomology algebra (H*(X, k), d = 0), then X is formal. 

Remark 13. Obviously, (jHJ) implies that for the purpose of calculating 
the ranks of the homotopy groups of X we can use fi(X) ®q R as well. 
In the case of formal X it means that we can apply the above procedure 
to H*(X,R). 

3.3. Computation of the ranks of the homotopy groups. Before 
we proceed to the computation of the ranks of the low degree homotopy 
groups of four-manifolds, let us note the following important facts. 

Remark 14. All closed oriented simply connected four- manifolds with 
&2 > 2 are rationally hyperbolic, i.e. dim7r*(M) (g) Q = oo. One can 
see that using the fact that for M rationally elliptic must be satisfied 
^2 2k ik 7T2k(M) < dimM (see Then from Hurewicz isomorphism 
it follows that 26 2 < dimM. In particular, it implies that for 62 > 2 
these spaces do not have good cohomology. 

Remark 15. All closed oriented simply connected four- manifolds are 
formal in the sense of Sullivan. One can see it using the results of ^T] 
which say that any compact simply connected manifold of dimension 
< 6 is formal. 

The Remarks El and E3 together with Procedure 13.21 for minimal 
model computation and the knowledge of cohomology structure of four- 
manifolds, make us possible to prove the Theorem 

Remark 16. Note that, using Hurewicz isomorphism, we already know 
that rkvr 2 (M) = b 2 . 

Proof of the Theorem^ Because of formality the minimal model 
of a closed oriented simply connected four-manifold M is the minimal 
model of its cohomology algebra. Therefore, to compute the minimal 
model /x(M) ®q1, we can apply Procedure !3.2l to the algebra (A, d) = 
(H*(M, R),d = 0). For simplicity we denote p{M) ®q R by //(M) and 
H*(M,R) by H*(M) below. As stated in the theorem we distinguish 
the following cases. 

1. For 6 2 — Lemma 01 immediately implies that /i(M) = A(x,u), 
where degx = 4, degu = 7 and dx = 0, du = x 2 . Thus, 

rkvr 4 (M) = rk7r 7 (M) = 1 
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and 7T p (M) are finite for p ^ 4,7. 

2. For b 2 = 1 it follows from Lemma El that fi(M) = A(x,u), where 
degx = 2, degw = 5 and dx = 0, du = x 3 . Thus, 

rk7r 2 (M) = rkvr 5 (M) = 1 

and 7T p (M) are finite for p ^ 2, 5. 

3. Let the second Betti number of M be 2. Lemma El implies that M 
has good co homology, since the polynomials xf ± x|, x\x 2 are without 
relations in M,[x\, x 2 \. By Remark ITU the minimal model for M is given 
by 

H(M) = R[xi,x 2 ] <8> A (2/1, 2/2), cbi = 0, dy x = x\ ± a^, dt/ 2 = ^1^2 • 
Thus, vrp(M) are finite for p 7^ 2, 3 and 

rk7r 2 (M) = rk7r 3 (M) = 2 . 

4. Let 62 > 2. Remark IT41 implies that in this case dim7r„ ! (M)®Q = 00. 
We will use here the results on cohomology of M proved in Lemma |H1 
According to Procedure 13.21 for minimal model construction, it follows 
that ^ 2 {M) = M[xi, . . . ,Xb 2 ], m 2 (xi) = [xj\. Therefore, rk7r 2 (M) = b 2 . 
At the next step in the application of Procedure 13.21 we know that 
H 3 (M) = and Keim { 2 ] = C{xj±x 2 , xtf,), 2 < i < b 2 , 1 < i < j < b 2 . 
We take here b 2 — 1 times sign (— ) and b 2 times sign (+). Since the 
elements x\ ± linearly independent, we obtain that 

/i 3 (M) = ii 2 {M) ® £{vi, Vij ), 2 < i < b 2 , 1 < % < j < b 2 , 

dvi = x\ ± x\, dvij = XiXj, m 3 (vi) = m 3 (%) = . 
This implies that 

In order to continue this procedure, let us note the following. For 
k > 3, /ifc+i(M) is given by jik+i{M) = /ifc(M) <g> C{wj), where Wj 
correspond to basis for H k+2 (nk{M), d). We get this from ((7j) using 
the following two observation. 

First, Q implies that Ker mf +2) (M) = H k+2 (ft k (M),d) for k > 3, 
since then H k+2 (M) = 0. Second, since = Sm^ 4 ' / Ker m 2 = 

H 4 (M), it follows that, for k > 3, there are no y^s in (JHJ). 

Thus, in order to construct /^(M), we need to find the basis for 
H 5 {^{M)). Since in /x 3 (M) we have no nontrivial 5 dimensional 
coboundaries, this is equivalent to finding the basis for the 5 dimen- 
sional cocycles in /i 3 (M). Any cochain of degree 5 in ^ 3 (M) is of the 
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form 

c = ^2 PiVi + ^2 P V Vi i ' 

i=2 l<i<i<f) 2 

where Pi = Y^k=i a> i x k and P„ = Y^k=\ a % x k- Computing the coeffi- 
cients for xf, xf, 2 < « < & 2 ) a^i^j, 2 < j < b 2 , x\x^ i ^ j , 2 < i < b 2 , 
1 < j < &2, XiXjXk, l<i<j<k<b 2 m the expression for d(c), one 
obtains that the equation d(c) = gives rise to the following system of 
linear equations (respectively). 

b 2 

(10) ;>>* 1=o ' 

(11) aj' = 0, 2<j<b 2 , 

(12) ^aj + aj,. = 0, 2<j<b 2 , 

i=2 

(13) -«i + 4 = 0, z<j, 2<z<&+ 3<j <fo 2 , 
-a* + a% = 0, i > j, 2 < i < b+, 1 < j < b 2 - 1 , 

aJ + 4. = 0, i<j, b+ + l<i<b 2 ,b+ + 2<j<b 2 , 
a\ + a% = 0, i > j, b+ + 1 < z < & 2 , 1 < j < b 2 - 1 , 



(14) + + a} fc = 0, 1 < % < j < k < b 2 . 

The number of variables in the above system is b2 ( b 2-i)(fe2+2) _ gy fo e 
inspection one sees that the equation (fTT)|) eliminates 1 variable, each of 
the systems (JTTJ) and (fl^jl eliminates b 2 — 1 variables, the system (fT^j) 
eliminates (62— 2) (62 — 1)+&2 — 1 variables and the system ()14|) eliminates 
( 6 |) variables. Thus, the dimension of the solution space for the above 
syst e m is _ ^ + ^ = ^4)^ g Q; ftt ^ gtep ^ the 

construction of the minimal model, we extend /^(M) by adding the 
generators Wf., 1 < k < — of degree 4, i. e. 

MM) = Ms(M) ® £K), 1 < fc < &2( ^ 3 ~ 4) . 
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The differentials dwk are given by some basis for the solution space of 
the above system. Thus, we have 

One can continue the above procedure for the construction of the 
minimal model and calculation the ranks of the homotopy groups, but 
it is obvious that at each step the vector space H k+2 (nk(M),d) for 
which we want to get a basis becomes bigger and more complicated. 
Clearly, rk7Tfc +1 (M) is given by the dimension of the H k+2 (nk(M),d) 
and it is some polynomial Pk+xibi) in ^(M). In order to continue the 
process we need to have a basis for H k+2 (nk(M), d) as well. 

Remark 17. On each step in construction of the minimal model we 
should solve some system of linear equations, whose dimension of the 
solution space determines the number of generators of corresponding 
degree in the minimal model and the differentials for these generators 
are given by some solution of that system. The calculation procedure 
done in the proof of Theorem suggests that the dimension of the 
solution space for such system does not depend on the signature of the 
manifold, but only on its rank, while its explicit solution does. In other 
words, it suggests that the ranks of the homotopy groups of simply 
connected four-manifold are completely determined by the rank of its 
intersection form. Our attempt to obtain explicit proof for it following 
the proof of Theorem involved complicated calculations, which we 
were not able to carry out. 

Remark 18. Note that for a simply connected topological space X of 
finite type and finite rational Lusternik-Schnirelman category, hyper- 
bolicity of X implies that its rational homotopy groups grow exponen- 
tially ( so called rational dichotomy, 4J). This explains why one should 
expect the computations in the above procedure to be more and more 
complicated. This also gives that we can not expect to control the 
degrees of the polynomials Pfc(&2) with the growth of k. 

Proof of the Proposition [2], If we continue the procedure we 
started with in the proof of Theorem Q we need to extend Ha{M) by 
adding generators of degree 5 that correspond to basis of H & (n±(M)). 
First note that any cocycle of degree 6 in /^(M) is cohomologous to 
the cocycle of the form 

(15) C = CVijViVj + ^ a ijkViV jk + ^ a ijkl v ij v kl + PijXiWj . 

To simplify the calculations we can assume that b\ is also 3, since it is 
clear that the dimension of the solution space for the equation d(c) = 
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does not depend on b 2 ■ According to the proof of the above theorem 
we can take the differentials dwi to be as follows. 

dWi = X\V 2 - X\Vz + X 2 V\ 2 - X 3 Vi 3 , 
dw 2 = X 3 V 2 - Xi«i3 + x 2 v 23 , 

dw 3 = x 2 v 3 - xiv 12 + x 3 v 23 , 

dw A = X 3 V 12 - X!V 23 , dw b = X 2 V 13 - X!V 23 . 

On that way, for c of the form ()15j) . the differential d(c) is given as 
follows. 

d(c) = (-a 23 + Pll)x\v 2 + («23 + P?a)x\v 2 + (-«212 + Pl\)X\X 2 V 2 + 
(-«223 + P22)X 2 X 3 V 2 + (-CK213 + #31 + Pu)XlX 3 V 2 + 
(«23 - Pll)xlv 3 + (-tt 3 12 - P21 + Pl3)xiX 2 V 3 + 
(-«23 + p23)xjv 3 + ("212 + «312 - Pl3)xfv 12 + 
(-"313 - P3l)xiX 3 V 3 + (-«1213 - #33 + Pl4)XlX 3 V 12 + 
(-«323 + P33)X2X 3 V 3 + (-a 1223 + /3 31 + (3 2A )X 2 X 3 Vi 2 + 

(-CK212 + hi)x 2 2 vi 2 + (a 2 i3 + "313 - (3i2)x\v 13 + 

(-«312 + hi)X 2 3 Vi 2 + («1213 - #22 + Plb)XlX 2 V 13 + 
(-CK213 + ^2b)x 2 2 Vi 3 + (-CK1323 - #21 + P35)X2X 3 V 13 + 

(-«3i3 - p3i)x 2 3 v 13 + (a 223 + a 323 - pu - Pi 5 )xlv 23 + 

(-"223 + P22)xjv 23 + (a 1223 + # 12 - # 24 - #25)^1^23 + 
(-«323 + ^33)^3^23 + («1323 + #13 ~ #34 ~ #35)^1^23 + 

(16) (# u - P 23 )x 1 x 2 v V2 + (-#11 - P 3 2)x x x 3 vx 3 + (#23 + P32)x 2 X 3 V 23 . 

Using the above expression one can easily see that all a's can be ex- 
pressed in terms of #'s. Besides that we see that #23 = #11, #32 = — #11, 
#34 = P13 ~ P21, P15 = P22 + P33 - Pia and p 25 = p 31 + P12, while the 
other #'s are linearly independent. It implies that for b 2 = 3 we have 
that rkvr 5 (M) = 10. 

4. ON HOMOTOPY TYPE CLASSIFICATION 

Proof of the Theorem |31 As we already mentioned, Sullivan's 
minimal model theory provides a bijection between rational homotopy 
types of simply connected spaces of finite type and isomorphism classes 
of minimal Sullivan algebras over Q. Thus, in our case, two closed ori- 
ented simply connected four-manifolds have the same rational homo- 
topy type if and only if they have isomorphic minimal models over Q. 
Any such four-manifold is formal and its rational cohomology structure 
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is determined by its intersection form over Q. It follows that the ratio- 
nal homotopy type of a closed oriented simply connected four-manifold 
is classified by its intersection form over Q. In other words, two closed 
oriented simply connected four-manifolds have the same rational ho- 
motopy type if and only if their intersection forms are equivalent over 
Q. Using the Hasse-Minkowski theorem one can see that any quadratic 
form over Q which has integral unimodular lattice is equivalent (over 
Q) to some diagonal form with ±1 diagonal elements [T2|. It follows 
that two intersection forms are equivalent over Q if and only if they 
have the same rank and signature. 

By a result of Pontryagin-Wall (see |TQ| ) , the homotopy type of a 
simply connected closed oriented four-manifold is determined by its 
intersection form. 

Thus, for closed oriented simply connected four-manifolds, we have 
the following homotopy type classification. 

(1) Rational homotopy type ~ rank and signature . 

(2) Homotopy type ~ intersection form . 

Note that not every homotopy type of a closed oriented simply 
connected four-manifold can be realised by a such smooth manifold. 
Namely, by a result of Freedman jSj, for any unimodular symmetric 
bilinear form Q there exists a closed oriented simply connected four- 
manifold having Q as its intersection form. On the other hand the 
theorems of Rokhlin and Donaldson [2] give the constraints on the 
intersection form of smooth four-manifold. This implies the existence 
of the intersection forms (like E%) which can not be realised by some 
smooth four-manifolds. 

We see that, in contrast to homotopy type, every rational homotopy 
type of closed oriented simply connected four-manifolds has a smooth 
representative. More precisely, any closed oriented simply connected 
four-manifold is rationally homotopy equivalent to a connected sum of 
CP 2 's and CP 1 ' s . 

Remark 19. One can define R- homotopy type of a simply connected 
space X of a finite type to be the equivalence class of the algebra 
fiM.(X) = fi(X) £g>Q R, where fi(X) is the minimal model for X, see p. 
Then obviously we have that two spaces have the same R-homotopy 
type if and only if their minimal models are equivalent over R. The- 
orem El implies that in the class of closed oriented simply connected 
four-manifolds there is no difference between the rational and the real 
homotopy types. 

Remark 20. Note that, in general, in the class of simply connected 
spaces of finite type we have strict inclusion among the spaces having 
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the same rational and the same real homotopy type. To see that it is 
enough to construct two minimal algebras starting from two rational 
quadratic forms which have the same rank and signature, but which 
are not equivalent over the rationals. Since for any minimal algebra /i 
over Q there exists the simply connected space of finite type having \x 
as its minimal model, we get on this way two simply connected spaces 
of finite type which have the same real but different rational homotopy 
type. 
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